Abstract. In the present paper we prove the following results: Commutative residual pomonoids with the identity as a maximal element are categorically equivalent to BCIalgebras with condition (S); commutative residual pomonoids with the identity as the greatest element,implicative commutative semigroups, and BCK-algebras with condition (S) are categorically equivalent to each other. Early in 1963, L.Fuchs [5] systematically investigated the theory of residual pomonoids. In [12] , A. Wroñski first studied the relationship between BCK-algebras and commutative residual pomonoids, and obtained that every BCK-algebra is isomorphic to the residuation subreduct of a commutative integral cl-monoid, completely distributive as a lattice. In [4] , I. Fleischer proved that every BCK-algebra is a set of residuals in an integral pomonoid. Recently W. P. Huang [7] and J. C. Li [10] further studied the theory of residual pomonoids. Motivated by the above we will deeply discuss [5] the connection of residual pomonoids, implicative semigroups, and Β CI/Β CK-algebras. DEFINITION 1 ([5]). An algebra (Χ;·,1) where · is a binary operation on X, 1 is a constant element of A", is called a commutative monoid if it satisfies for all x,y, ζ G Χ,
a commutative residual pomonoid, and the operation : is called a residual on X. PROPOSITION 1 ([5] ). Let (X; <, :, ·, 1) be a commutative residual pomonoid, and 1 be a maximal element of (X; <), then for all x,y,z £ X, (1 ) Next we give another axiom system of commutative residual pomonoids. THEOREM 2. An algebra (X; <, :, ·, 1) where < is a binary relation on X,
: and • are binary operations, 1 is a constant element of X, is a commutative residual pomonoid with 1 as a maximal element of (X\<) if and only if it satisfies the conditions (l)-(6) listed in Proposition 1.
Proof. The "only if' part being clear by Proposition 1, we only give the proof of the part "if'. Suppose (X; <, :, ·, 1) satisfies the conditions (l)- (6) . By (5), the (l)-(4) can be rewritted as follows: If 1 < χ then x:l=l by (5) . Making use of (2') and (3') we have By the claim 1 we obtain 1 = (x : y) : (x : z), that is, (7) y < ζ implies χ : ζ < χ : y.
Also, 'ή ζ < χ then χ : ζ = 1. By (7), 1 = χ : ζ < χ : y. Combining the claim 1 we obtain χ : y -1, namely, y < χ. Thus we have proved that y < ζ and ζ < χ imply y < χ. This result and (3) and (4) together lead to that (X;<) is a partially ordered set. The claim 2 is proved. Notice that the claim 1 means that 1 is a maximal element of (X; <). Since ζ < χ : (x : z), by (7) and (1) Since by (6) and ( [by (6) ]
[by (6) ]
[by (9)] [by (3')] it follows that
By use of (9) and(lO) we have
namely (χ · y) · ζ < χ · (y · ζ). Combining (10) this leads to
Since (χ : (χ : 1)) : 1 = (χ : 1) : (χ : 1) = 1, it follows that 1 < χ : (χ : 1). By the claim 1, χ : {χ : 1) = 1; hence χ : 1 < χ. On the other hand , by (8) and (3) By (9), (11) and (14) we obtain that (X; ·, 1) is a commutative monoid, which is the claim 4. To summarize the above results, (X; <,:,·, 1) is a commutative residual pomonoid and 1 is a maximal element of (X; <). The proof is complete.
DEFINITION 2 ([8])
. By a BCI-algebra we mean an algebra (X; *,0) satisfying the following conditions:
χ < y and y < χ imply χ = y BCI-5 χ < y if and only if χ * y = 0.
Κ. Iséki [9] introduced the notion of BCI-algebras with condition (S).
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DEFINITION 3 ([9]
). A BCI-algebra (X;*,0) is with condition (S) if, for all χ, y G Χ, the set {ζ G Χ | ζ * χ < y} has the greatest element, written χ o y.
Q. P. Hu [6] given the following.
PROPOSITION 3 ([6]). A BCI-algebra (X; *,0) is with condition (S) if and only if there is a binary operation o on X such that (x * y) * ζ = χ * (y ο ζ).
By Theorem 2 and Proposition 3 we obtain the theorems below. are the identity functor on BCIS and CRPOM respectively, we know that T\ and T 2 are equivalence functors; hence BCIS and CRPOM are equivalent. The proof is complete.
As it is well-known, a BCI-algebra (X; *, 0) is a BCK-algebra if and only if 0 < χ for all χ Ç. X, this is to say that 0 is the least element of (X; <). Hence, as a consequence of Theorem 6, we have
COROLLARY 7. Commutative residual pomonoids with the identity as the greatest element are categorically equivalent to BCK-algebras with condition (S).
Finally we describle a relation between implicative semigroups and residual pomonoids.
DEFINITION 4 ([3]
). An algebraic system (X;<,*,-,1) where < is a binary relation on X, * and · are binary operations on X, 1 is a constant element of X, is called an implicative commutative semigroup if it satisfies the following: 
PROPOSITION 8 ([11]). Implicative commutative semigroups are categorically equivalent to BCK-algebras with condition (S).
REMARK. Actually in [11] the word "categorically" does not occur, but by means of [11; Theorem 9] we easily prove that in the category sense Proposition 8 is also true.
By Corollary 7 and Proposition 8 we have The results of this paper tell us that the concepts and methods of BCT algebras can be applied to study residual pomonoids and implicative semigroups.
Motivated by the theory of BCI-algebras one can introduce the notions of various ideals in residual pomonoids.
